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We show that embedding Natural Inflation in a more general scalar-tensor theory, with non-
minimal couplings to the Ricci scalar and the kinetic term, alleviates the current tension of Natural
Inflation with observational data. The coupling functions respect the periodicity of the potential
and the characteristic shift symmetry φ → φ + 2pif of the original Natural Inflation model, and
vanish at the minimum of the potential. Furthermore, showing that the theory exhibits a rescaling
symmetry in the regime where the coupling to the Ricci scalar is small and the coupling to the
kinetic term is large, we obtain that the agreement with cosmological data can take place at an
arbitrarily low periodicity scale f , solving the problem of super-Planckian periodicity scales needed
in Natural Inflation.
I. INTRODUCTION
Natural Inflation [1] is a model for inflation protected
against radiative corrections, based on a pseudo-Nambu-
Goldstone inflaton, with a potential of the form V (φ) =
Λ4(1 + cos (φ/f)). Successful inflation is achieved by de-
manding the periodicity scale f to take super-Planckian
values and usually it is considered that Λ ∼ 1016 GeV,
that is, Λ is taken to be of the order of the Grand Unifi-
cation Theories (GUT) scale.
A super-Planckian periodicity scale f might be prob-
lematic due to corrections coming from gravitational in-
stantons [2-5]. Besides this, in the light of the Planck col-
laboration results, standard Natural Inflation is in ten-
sion with cosmological data [6]. Some proposals have
been made in order to tackle one or both issues (see [7-
11], for example). A particular proposal [12] was to intro-
duce a non-minimal coupling to gravity that also respects
the periodicity and the shift symmetry of the potential,
obtaining in the Einstein frame and in some specific cases
f ∼ MP and a better fit to Planck data. Another pro-
posal [13] is to consider a non-canonical kinetic term with
a coupling to the Einstein tensor where f MP can be
obtained.
In this letter we consider the extension of Natural In-
flation in the context of a scalar-tensor theory, where
dynamic couplings to the Ricci scalar and to the kinetic
term are introduced. This proposal could be regarded as
the generalization of [12] and [13]. The couplings are de-
fined in such a way that respect the periodicity and the
shift symmetry of standard Natural Inflation, and fur-
thermore vanish at the minimum of the potential. We
will show that this extension allows the scale f to have
arbitrarily low values and to obtain results in agreement
with observational data from Planck, therefore solving
both of the aforementioned issues at the same time.
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II. SET-UP
In [14] the authors studied a general scalar-tensor the-
ory and performed an analysis on the scalar and tensor
perturbations of the model. In this letter, the theory will
be restricted to the action:
S =
∫
d4x
√−g
[
1
2
F (φ)R− 1
2
gµν∂µφ∂νφ
+F1(φ)G
µν∂µφ∂νφ− V (φ)
]
,
(1)
where Gµν = Rµν − 12gµνR is the Einstein tensor and
V (φ) = Λ4(1 + cos φf ). We set MP = 1 and we take the
couplings to the Ricci scalar R and the kinetic term to
be, respectively,
F (φ) = 1 + α
(
1 + cos
φ
f
)
= 1 +
α
Λ4
V (2)
F1(φ) =
β
Λ4
(
1 + cos
φ
f
)
=
β
Λ8
V, (3)
with two a priori arbitrary parameters α and β mea-
suring the strength of the couplings being introduced.
The choice of these coupling functions allows the theory
described by (1) to conserve the characteristic shift sym-
metry φ → φ + 2pif of Natural Inflation. Furthermore,
these couplings vanish at the minimum of the potential
φ = pif , reducing the theory to Einstein’s gravity with a
minimally coupled scalar field.
Variation of the action (1) with respect to the metric
gµν and φ and considering a flat FRLW metric given by
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) gives the equations
of motion of the model, describing an expanding homo-
geneous and isotropic universe. Defining the following
slow-roll parameters
0 = − H˙
H2
, 1 =
˙0
H0
(4)
l0 =
F˙
HF
, l1 =
l˙0
Hl0
(5)
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where dots denote differentiation with respect to time
and H ≡ a˙/a is the Hubble parameter, and demanding
i, li  1, the equations of motion in the slow-roll regime
are obtained [14]:
3H2F ≈ V (6)
2H˙F −HF˙ ≈ −φ˙2 − 6H2F1φ˙2 (7)
3Hφ˙+ V ′ − 6H2F ′ + 18H3F1φ˙ ≈ 0 (8)
where primes denote derivatives with respect to φ.
Equations (6) and (7) can be used to express the slow-roll
parameters (4) and (5) as follows:
0 ≈ V
′2
2V 2
(1− α˜V )
(1 + α˜V + 2β˜V 2)
, 1 =
′0
0
φ˙
H
(9)
l0 =
F ′
F
φ˙
H
, l1 =
l′0
l0
φ˙
H
(10)
with α˜ ≡ α/Λ4, β˜ ≡ β/Λ8 and
φ˙
H
≈ −V
′
V
(1 + α˜V )(1− α˜V )
(1 + α˜V + 2β˜V 2)
(11)
It is important to notice that all the quantities defined
in (9), (10) and (11) are independent of the scale Λ.
According to the analysis of the scalar and tensor per-
turbations done in [14] in the general framework of a
scalar-tensor theory, one can write the spectral tilt ns
and the tensor-to-scalar ratio r in our model as
ns ≈ 1− 20 − l0 − 201 + l0l1
20 + l0
(12)
r ≈ 8(20 + l0). (13)
Inflation ends when 0 ' 1, and we define the value
of φ that fulfills this condition as φe (i.e. 0(φe) ' 1).
Finding a value φ0 such that
N =
∫ φe
φ0
H
φ˙
dφ ≈ 50− 60, (14)
that is to say, finding the value φ0 that allows to drive
50 − 60 e-folds of slow-roll inflation, and evaluating ns
and r at this field value, allows us to obtain the predic-
tions of the model that can be contrasted to the Planck
collaboration results [6].
III. ANALYSIS AND RESULTS
Before examining the parameter space spanned by α, β
and f , we consider the regime α 1 and β  1. Under
this assumption, we find the slow-roll parameter 0 (9)
to be approximately:
0 ≈ V
′2
4β˜V 4
(15)
This approximation will be valid while
1 + cos
φ
f
 1√
2β
. (16)
Performing a change of variables u ≡ φ/f , 0 reads:
0 ≈ 1
4f2β˜
( dduV )
2
V 4
(17)
where we have factored out the dependence of f given
the form of V considered in Natural Inflation. Under the
following rescalings:
f → Cf, β → C−2β (18)
where C is an arbitrary constant, it is explicit that 0 re-
mains invariant. This property implies that, given some
f and β, if we know a value of the field ue that fulfills
0(ue) ' 1, the corresponding value of the field φe = fue
will change as φe → Cφe under the rescalings (17).
Consider now the number of e-folds N given by (14)
and the expression (11). Under the approximation α 1
and β  1, taking into account the range of validity (16),
we get:
N ≈
∫ φe
φ0
−2β˜V
3
V ′
dφ (19)
Suppose that, given φe, the value of the field φ0 which
gives a desired number of e-foldsN is known. Using again
the definition (11) and under f → Cf and β → C−2β:
N˜ ≈
∫ φ′e
φ′0
−2β˜C−2
V
(
φ
Cf
)3
d
dφV
(
φ
Cf
)dφ = ∫ φ′e/C
φ′0/C
−2β˜
V
(
φ˜
f
)3
d
dφ˜
V
(
φ˜
f
)dφ˜
(20)
where we defined φ˜ ≡ φ/C. Demanding N˜ = N and
taking into account that both integrands are equal, we
find that φ′e = Cφe and φ
′
0 = Cφ0. That is, the values
of φ giving the desired number of e-folds N transform as
φe → Cφe, φ0 → Cφ0 under f → Cf and β → C−2β.
All the quantities defined in (9) and (10), approxi-
mated using (11) and under the conditions α 1, β  1
and (16), are also invariant under the rescalings (18):
2
1 =
′0
0
φ˙
H
≈ − 1
2f2β˜
d
du0
d
duV
0V 3
(21)
l0 =
F ′
F
φ˙
H
≈ − 1
2f2β˜
d
duF
d
duV
FV 3
(22)
l1 =
l′0
l0
φ˙
H
≈ − 1
2f2β˜
d
du l0
d
duV
l0V 3
. (23)
This means that ns (12) and r (13) are not changed un-
der f → Cf , β → C−2β which, in turn, will be evaluated
at the invariant value u0 = φ0/f = Cφ0/Cf . Therefore,
we can conclude that after finding a pair of parameters f
and β that give ns and r in agreement with the results of
the Planck collaboration [6], the model with parameters
Cf and C−2β will also agree with them.
By inspecting numerically the parameter space using
the full expressions (9), (10) and (11) with α  1 and
in the sub-Planckian regime f  1, we find that for f =
0.01 and β in the range 3.5×104−2.5×105 the predicted
ns and r are in agreement with the Planck collaboration
results, as shown in Fig. 1, meaning that they are found
within the 95% and 68% confidence level (CL) contours.
For this range of β we find φe/f to have values from
2.13 to 2.40. This implies that condition (16) will be
fulfilled all the way down from φ0/f to φe/f . Using then
the approximate symmetry under rescalings (18) we can
arbitrarily decrease f by increasing β and, for instance,
we would obtain β in the range 3.5× 106 − 2.5× 107 for
f = 10−3, and 3.5×108−2.5×109 for f = 10−4. In Fig.
1 the results for α = 0.1 are also shown, in which case
the approximation is not very accurate, but we find that
even in this scenario we obtain predictions falling within
the contours of Planck data.
Finally, we constrain the value of the scale Λ by impos-
ing the normalization of the power spectrum [15] given
by the Planck collaboration [6]
Pξ ∼ H
2
8pi2
1
0
=
V
24pi2F
1
0
' 2.2× 10−9 (24)
giving Λ ∼ 3× 10−3 − 5× 10−3 for f and the range of
β considered before.
IV. CONCLUSIONS
We have shown that the embedding of Natural Infla-
tion in a more general scalar-tensor theory, with cou-
plings respecting the periodicity and the shift symmetry
of the original model, can drive inflation for f  1 in
agreement with Planck collaboration results. For exam-
ple, for f = 0.01 and β in the range 3 × 104 − 1.5 × 105
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FIG. 1: Results obtained by running β from 3.5 × 104 to
2.5× 105 for several values of α and f = 0.01, taking N = 50
(upper lines) and N = 60 (lower lines). The cases of α = 0.01
and α = 0.001 are almost indistinguishable. Light and dark
shading correspond, respectively, to 95% C.L. and 68% C.L.
of Planck collaboration constraints.
we obtain spectral indices ns and tensor-to-scalar ratios
r within the 95% and 68% CL contours of Planck data,
giving Λ ∼ 10−3.
Furthermore, in the limit of small coupling to the Ricci
scalar, i.e. α 1, given that β  1 for results in agree-
ment with Planck, the theory presents a symmetry under
the rescalings f → Cf and β → C−2β, leaving the values
of ns and r invariant. This remarkable property allows
to arbitrarily decrease the value of the periodicity scale
f by increasing the coupling to the kinetic term, solving
the issue of Natural Inflation super-Planckian periodic-
ity scales f and alleviating the current tension of Natural
Inflation with Planck data.
Acknowledgments
I would like to thank Alessio Notari and Ricardo Z.
Ferreira for introducing me to Natural Inflation.
[1] K. Freese, J. A. Frieman, and A. V. Olinto, Phys. Rev.
Lett. 65, 3233 (1990).
[2] T. Banks, M. Dine, P. J. Fox, and E. Gorbatov, JCAP
0306, 001 (2003), hep-th/0303252.
[3] T. Rudelius, JCAP 1509, 020 (2015), 1503.00795.
[4] T. Rudelius, JCAP 1504, 049 (2015), 1409.5793.
[5] M. Montero, A. M. Uranga, and I. Valenzuela, JHEP
08, 032 (2015), 1503.03886.
[6] N. Aghanim et al. (Planck collaboration),
arXiv:1807.06209.
3
[7] N. Arkani-Hamed, H.-C. Cheng, P. Creminelli, and
L. Randall, Phys. Rev. Lett. 90, 221302 (2003), hep-
th/0301218.
[8] J. E. Kim, H. P. Nilles, and M. Peloso, JCAP 0501, 005
(2005), hep-ph/0409138.
[9] S. Dimopoulos, S. Kachru, J. McGreevy, and J. G.
Wacker, JCAP 0808, 003 (2008), hep-th/0507205.
[10] M. Gerbino, K. Freese, S. Vagnozzi, M. Lattanzi, O.
Mena, E. Giusarma, and S. Ho, Phys. Rev. D 95 (2017),
no.4, 043512, 1610.08830.
[11] R. Z. Ferreira and A. Notari, Phys. Rev D97, 063528
(2018), 1711.07483.
[12] R. Z. Ferreira, A. Notari, and G. Simeon, JCAP 2018,
021 (2018), 1806.05511.
[13] C. Germani, and A. Kehagias, Phys. Rev. Lett. 106,
161302 (2011), 1012.0853.
[14] L. N. Granda and D. F. Jimenez, JCAP 09, 007 (2019),
1905.08349.
4
